We calculate diquark correlation functions in the Landau gauge on the lattice using overlap valence quarks and 2+1-flavor domain wall fermion configurations. Quark masses are extracted from the scalar part of quark propagators in the Landau gauge. Scalar diquark quark mass difference and axial vector scalar diquark mass difference are obtained for diquarks composed of two light quarks and of a strange and a light quark. Light sea quark mass dependence of the results is examined. Two lattice spacings are used to check the discretization effects. The coarse and fine lattices are of sizes 24 3 × 64 and 32 3 × 64 with inverse spacings 1/a = 1.75(4) GeV and 2.33(5) GeV, respectively.
Introduction
Diquarks were introduced long time ago and are used in many phenomenology studies of strong interactions. For example, diquarks are used to describe baryons with a quark-diquark picture for explaining the missing states [1] . Also they are used to explain the ∆I = 1/2 rule in weak nonleptonic decays [2, 3] . A review on diquarks are given in Ref. [1] . Since the discovery of X(3872) by the Belle Collaboration [4] , experiments have observed many so called XYZ states [5] . It is difficult to interpret these states as conventional heavy quarkonia. Molecules and tetraquarks are proposed to explain some of these quarkoniumlike states. In the tetraquark scenario, a diquark and an antidiquark form a four quark state.
Quantum Chromodynamics (QCD) is the theory describing the strong interaction among quarks and gluons, from which the properties of diquark correlations (if any) should be understood. At low energies, QCD has to be solved by nonperturbative methods since the strong coupling constant becomes so strong that perturbative calculations break down. In this work we study diquarks starting from the QCD action by using lattice QCD simulations. Diquarks have been studied on the lattice from various approaches [6, 7, 8, 9, 10, 11, 12] to deal with the fact that they are not color singlets. Diquark masses were also calculated in QCD sum rules, see, for example, Refs. [13, 14] . And the stability of diquarks were discussed as well [15] .
The scalar diquark is supposed to be the state with the strongest correlation. The mass difference between diquarks with various quantum numbers can reflect the relative size of the correlation. In Ref. [16] , scalar diquark and quark mass difference as well as the axial vector and scalar diquark mass difference are estimated from baryon spectroscopy. On the lattice, diquark mass and mass differences can be studied in a fixed gauge. So far, the masses and mass differences are calculated mostly in the quenched approximation on the lattice. Here we calculate them by using 2 + 1 flavor domain wall fermion configurations. For the valence quark, we use overlap fermions. Previous lattice calculations focused on diquarks composed of the light up and down quarks. In this work we consider diquarks composed of a strange and a light quark as well as of two light quarks.
Diquark correlations are induced by spin dependent interactions. Thus they become weaker as the masses of quark increase. We can look into the mass dependence of diquark correlations by varying the current quark masses on the lattice.
Our results of the diquark mass difference and diquark quark mass difference are summaried in Tab. 14. In general they agree with the estimations in Ref. [16] . The exception is the scalar diquark and strange quark mass difference for diquarks composed of a strange and a light quark. Our result of this difference is smaller than the estimation in Ref. [16] .
The paper is organized as follows. In section 2, we present the details of our calculation. The results and discussion are given in section 3. Finally we summarize in section 4. 
Correlation functions and lattice setup
The two quarks in the scalar diquark (J P = 0 + ) in the color antitriplet representation are attractive to each other as favored by perturbative one gluon exchange [17] and by instanton interactions [18, 19] . It is often called a "good" diquark. The next favored diquark is the axial vector diquark (J P = 1 + ) and is called a "bad" diquark. The other diquarks with J P = 0 − , 1 − are supposed to be even energetic and therefore their masses are higher. The diquarks in the color sextet representation have much larger color electrostatic field energy and are not favored by various models [16] .
Therefore we focus on the color antitriplet diquarks and calculate their masses on the lattice. The interpolating operators used in this work for diquarks with various quantum numbers are given in Tab. 1, where C is the charge conjugation operator. In the operators q 1 and q 2 are u and d(s) respectively. In calculating the two point functions in Tab. 1, we take a trace in color space and project to zero momentum. Diquarks are not color singlet. Their two point correlation functions have to be computed in a fixed gauge. We use the Landau gauge.
Alternatively, one can combine a diquark with an infinitely heavy quark (i.e. a Polyakov line) to get a color singlet state and calculate its correlation function. This is gauge invariant, however it may have path dependence [6] .
We use the RBC-UKQCD configurations generated with 2+1-flavor domain wall fermions [20] . The parameters of the ensembles used in this work are given in Table 2 . On the coarse lattice, two different light sea quark masses are used to check the sea quark mass dependence of our results. To examine finite lattice spacing effects, we use one ensemble on a fine lattice. To improve the signal, on each configuration on the coarse lattice we compute eight point source quark propagators. The sources are evenly located on eight time slices. On each time slice the source position is randomly chosen from one configuration to another to reduce data correlations. For the vector and axial vector diquarks, we average over the three directions (i = 1, 2, 3) to increase statistics. Also we average the data in the forward and backward time directions. For the valence quark, we use overlap fermions. The massless overlap operator [21] is defined as
Here ε is the matrix sign function and D w (ρ) is the usual Wilson fermion operator, except with a negative mass parameter −ρ = 1/2κ−4 in which κ c < κ < 0.25. We use κ = 0.2 in our calculation that corresponds to ρ = 1.5. The massive overlap Dirac operator is defined as
To accommodate the SU (3) chiral transformation, it is usually convenient to use the chirally regulated fieldψ = (1 − 1 2 D ov )ψ in lieu of ψ in the interpolation field and operators. This is equivalent to leaving the unmodified operators and instead adopting the effective quark propagator
where
is chiral, i.e. {γ 5 , D c } = 0 [22] . The overlap valence quark masses in lattice units are given in Tab. 3. Using the quark mass renormalization constants from Ref. [23] and the lattice spacings, one finds the corresponding MS quark masses at 2 GeV are from about 20 MeV to 1 GeV. The bare quark masses am q = 0.067 and 0.047 on the coarse and fine lattices correspond to the physical strange quark mass respectively within our uncertainty [24] . Our largest quark mass is less than but close to the charm quark mass. (27) 0.0593 (26) 3 Results and discussion
In this section, we give the numerical results on all three ensembles given in Tab. 2. The statistical errors of our results are from bootstraps with 500 samples. On the coarse lattice, we have two ensembles with different light sea quark masses. Thus we only check the sea quark mass dependence in the results but do not try to extrapolate to the chiral limit of the sea quark. The results on the fine lattice, ensemble f004, are used to check the discretization effects but have relatively large uncertainty due to the limited statistics.
Pion, nucleon and Delta masses
For the convenience of chiral extrapolation later, we first give the pion masses from our data. We also compute the two point correlation functions for the nucleon and ∆ ++ baryon, from which we extract their masses at our pion masses. We use the usual interpolating operatorsūγ 5 
for these hadrons respectively. The correlation functions are projected to zero 3-momentum and to positive parity (for the baryons). At large t, the ground state dominates and the hadron mass is obtained from a single exponential fit to the correlator.
The numerical values of these hadron masses are given in Tabs. 4, 5, 6 for ensemble c005, c02 and f004 respectively. On ensemble f004, the signal to noise ratio for the correlators of the Delta baryon is too bad for us to obtain its mass, especially at light quark masses. At leading order in heavy baryon chiral perturbation theory [26] , the nucleon mass is given by
Here we take the experiment values 1.267 for g A and 92.4 MeV for f π to fit our nucleon mass as a function of the pion mass. Note by doing this, we have ignored the effects from the mixed action setup. Half of our pion masses are larger than 600 MeV. Thus we do not expect the pion mass dependence of all the baryon masses can be well described by formulae from chiral perturbation Figure 1 : Left: The chiral fit to the nucleon mass using data from all three ensembles at pion mass less than 600 MeV. Right: The chiral fit to the mass of ∆ ++ using data from ensembles c005 and c02 at pion masses less than 600 MeV.
theory. In using Eq. (4) to do the fit, we only include the data points with pion mass less than 600 MeV.
In the left graph of Fig. 1 , the nucleon masses from all three ensembles are plotted against the pion mass squared. Here and in the rest of the paper, we have taken into account the uncertainties of the lattice spacings in converting our results into physical units. We do not see big sea quark mass dependence or discretization effects. The two parameter (M 0 and c 1 ) fit is shown by the red curve and has a χ 2 per degree of freedom (dof) equal to 0.73. At the physical pion mass 140 MeV, the fit gives m N = 953(30) MeV, which agrees with the experimental value 940 MeV. A three parameter function
π can also fit the same data with a good χ 2 . It gives a nucleon mass (1.09(9) GeV) at the physical point. This is similar to the chiral fits in Refs. [27, 28] .
For the pion mass dependence of the Delta baryon, the leading one loop result from heavy baryon chiral perturbation theory has a same form as in Eq. (4) if the SU(6) relation H A = 9g A /5 is used for the Delta baryon axial coupling H A . The fit of Eq.(4) to the data points at pion mass less than 600 MeV on ensembles c005 and c02 is shown in the right graph of Fig. 1 . The χ 2 /dof of the fit is 0.73 and we get m ∆ = 1.183(64) GeV at the physical pion mass. This should be compared with the experiment value 1232 MeV with a width 117 MeV.
In the last column of Tab. 4 and Tab. 5, we give the mass difference between the Delta and the nucleon in lattice units. From Eq.(4), we see this mass difference is a linear function of the pion mass squared at leading order. Extrapolating the lowest three data points to the physical pion mass using a linear function of (am π ) Table 5 : Pion, nucleon and Delta masses from ensemble c02. 1/a = 1.75(4) is used to convert to physical units. 
Quark correlation functions
The diquark-quark mass difference is a measure of the strength of the diquark correlation. This difference for the good diquark is estimated from hadron spectrum in Ref. [16] . We obtain the quark mass from the scalar part of the quark propagator S(x, 0) in Landau gauge
where the color index a and spin index i are summed over. A single exponential fit (actually a hyperbolic sine function because of the boundary condition in the time direction) taking into account data correlations to C q (t) at large t, for example t ∈ [13, 28] , gives the quark mass aM q at each bare valence quark mass. Examples of the effective mass ln(C q (t)/C q (t + 1)) and the results from the exponential fits are shown in Fig. 2 . The quark masses aM q are collected in Tab. 7 for all three ensembles. They are plotted against Figure 2 : The effective quark mass ln(C q (t)/C q (t + 1)) at various bare valence quark masses for ensemble c005 with sea quark masses m l /m s = 0.005/0.04. The straight lines mark the results of the quark mass from single exponential fits to the correlators C q (t). The fitting ranges of t are also indicated by the lines. Table 7 : Quark masses for various valence quark masses on all three ensembles. The first line is a linear extrapolation in am q to the chiral limit with the lowest four quark masses. the bare quark mass for ensemble c005 in Fig. 3 . With a linear fit to the lightest four quark masses (the corresponding current quark masses are not heavier than the physical strange quark mass), one finds in the chiral limit aM q = 0.2361(44) or M q = 413(12) MeV by using 1/a = 1.75(4) GeV.
The fitting is also shown in Fig. 3 by the red line. Similarly on the ensemble c02, we obtain aM q = 0.2813(86) or M q = 492(19) MeV in the chiral limit by a linear extrapolation with the lowest four quark masses. The two ensembles c02 and c005 have different sea quark masses. To see the sea quark mass dependence more clearly, we plot aM q from the two ensembles together in Fig. 4 . We see that there is a clear sea quark mass dependence in our results when the valence quark mass is less than the physical strange quark mass (am q ≤ 0.067). The quark mass aM q from the scalar part of the quark propagator in Landau gauge decreases as the sea quark mass decreases.
The results from ensemble f004 are also given in Tab. 7. In the chiral limit of the valence quark mass, we get aM q = 0.1832(99) or M q = 427(25) MeV by using 1/a = 2.33(5) GeV. If using the lowest five data points to do the linear extrapolation, then we find aM q = 0.1889(58) or M q = 440(16) MeV. The light sea quark mass for ensemble f004 is lighter than but close to that for c005. Since the number M q = 427(25) MeV agrees with the result 413(12) MeV from c005, we do not see apparent discretization effects in M q with our statistical uncertainty.
Although the quark mass M q here is in principle gauge dependent, it was shown this dependence may be small in covariant gauges including the Landau gauge [25] . If we average the quark masses M q from c005 and f004 using the inverse of their squared error as the weight, then we obtain M q = 416(11) MeV. Here the inverse of the square of the final statistical uncertainty is equal to the sum of the inverse squared error (the weight). Note our sea quark mass is still larger than the For the strange quark, its bare valence quark mass is roughly 0.067 and 0.047 on the coarse and fine lattice respectively [24] . The corresponding quark mass M s from the scalar part of the quark propagator is 586(16), 603(15) and 575(23) MeV on the three ensembles c005, c02 and f004 respectively (see Tab. 7). Unlike the light quark mass M q , the sea quark mass dependence in M s is much smaller.
Diquark masses and mass differences 3.3.1 Diquarks composed of two light quarks
We start with diquarks composed of the up and down quarks, i.e. q 1 = u and q 2 = d in Tab. 1. The two point functions of diquarks exhibit an exponential decay behaviour similar to that of ordinary hadron correlation functions. This can be clearly seen in the effective mass plot shown by Table 8 : Diquark masses and mass difference for various valence quark masses on ensemble c005. The first line is a linear extrapolation in am q to the chiral limit with the lowest four data points. Table 10 : Diquark masses and mass difference for various valence quark masses on ensemble f004. The first line is a linear extrapolation in am q to the chiral limit with the lowest four data points. 312 (23) MeV. Here the final uncertainty is from a simple error propagation. This number is in good agreement with the estimation ∼ 310 MeV in Ref. [16] . The results from the ensemble c02 are obtained similarly and are collected in Tab. 9. In the chiral limit, the scalar diquark mass from ensemble c02 is 797(24) MeV by using 1/a = 1.75 (4) GeV. This value is a little different from 725(20) MeV for ensemble c005. Thus there seems to be some sea quark mass dependence in the absolute value of the scalar diquark mass. The scalar diquark and quark mass difference is 797(24) − 492(19) = 305(31) MeV, which agrees with the result 312(23) MeV from ensemble c005. Therefore we do not see sea quark mass dependence in the diquark quark mass difference.
The results on the fine lattice f004 are given in Tab. 10. The scalar diquark mass in the chiral limit is aM 0 + = 0.296 (19) or M 0 + = 690(47) MeV. With a relatively large error, it is in agreement with the number 725(20) MeV from ensemble c005, which indicates the finite lattice spacing effect is smaller than our statistical uncertainty. The mass difference between the scalar diquark and We average the scalar diquark and quark mass difference from the three ensembles using the inverse of their squared error as the weight. The sum of the inverse squared error gives the inverse of the final uncertainty squared. In this way, we obtain M 0 + − M q = 304(17) MeV, where the error is statistical (including the uncertainties of lattice spacing).
The mass of the bad diquark can be extracted from the correlators using J i c or J c . The fitting results by using a single exponential from the two currents are in agreement. However the signal of the correlator from J i c is better. Therefore we collect the bad diquark masses from this current in Tab. 8 for c005. A linear extrapolation to the chiral limit with the lowest four data points gives aM 1 + = 0.584 (21) or M 1 + = 1022(44) MeV.
The bad and good diquark mass difference (in lattice units) is plotted against the valence quark mass in Fig. 6 . Here the uncertainties are from bootstrap analysis. As we can see, the difference decreases as the quark mass increases. The simplest chiral extrapolation of the mass difference is a straight line fit. Using the lowest four data points, one gets a(M 1 + − M 0 + ) = 0.166 (22) or
If we use the lowest five data points for the linear chiral extrapolation, then we get a(M 1 + − M 0 + ) = 0.158 (10) , which agrees with the result by using the lowest four data points.
We also tried a ansatz similar to the one used in Ref. [7] . Diquark correlations come from spin dependent forces. The bad and good diquark mass difference ∆m is expected to scale like 1/(m q 1 m q 2 ) at large quark mass [16] . In the chiral limit, the mass difference goes to a constant. Thus one can try the following ansatz for diquarks composed of two degenerate quarks
where a 1 and a 2 are two fitting parameters. We find that this ansatz can not fit all seven data points with an acceptable χ 2 /dof. If we limit to the lowest five data points, we can get a χ 2 /dof< 1 and find a(M 1 + − M 0 + ) = 0.148 (11) . The fit is shown by the curve in Fig. 6 .
For the bad diquark from ensemble c02, a linear extrapolation to the chiral limit with the lowest four data points gives aM 1 + = 0.644(16), which is higher than 0.584(21) from ensemble c005. The bad and scalar diquark mass difference is given in the fourth column of Tab. 9. Unlike the absolute value of diquark masses, the diquark mass differences on the two ensembles are in agreement within statistical uncertainties. In the left graph of Fig. 7 , the mass differences are plotted against the valence quark mass from ensembles c005 and c02. It does not show apparent sea quark mass dependence.
On ensemble f004, the bad diquark mass in the chiral limit is aM 1 + = 0.425 (24) or M 1 + = 990(60) MeV, which is in agreement with the result 1022(44) MeV from c005. Therefore we do not see discretization effects with our current statistical uncertainties. The fourth column in Tab. 10 is the bad and good diquark mass difference on the fine lattice.
We plot the bad and good diquark mass difference in physical units against the pion mass squared on all three ensembles in the right graph of Fig. 7 . All lattice results seem to lie on 
This ansatz can fit the data points at m (25)(45) MeV. This number is a little bigger than the estimation ∼ 210 MeV in Ref. [16] , which used masses of baryons with a strange or charm quark.
For the diquark with quantum number J P = 0 − , we tried two interpolating operators J Fig. 8 . At some of the small valence quark masses, no result is obtained due to the bad signal to noise ratio. These results confirm that the 0 − diquark is heavier than both the 0 + and 1 + diquarks. The correlator for the vector diquark is even noisier. The extracted diquark masses are listed in Tab. 8 and Tab. 9 for the two ensembles on the coarse lattice respectively. The right graph in Table 11 : Diquark masses and mass difference for various light quark masses on ensemble c005. The diquarks are composed of a strange and a light quark. The first line is a linear extrapolation in am q 1 to the chiral limit. Fig. 8 shows two examples of the effective mass for this channel. The vector diquark seems to be heavier than the 0 − diquark. But with our statistical uncertainty, it is hard to determine. On ensemble f004 (see Tab. 10), the 0 − diquark seems to be heavier than the vector diquark. More statistics are needed to improve the mass plateaus for the 0 − and 1 − diquarks.
Diquarks with a strange and a light quark
Now we turn to diquarks composed of a strange and a light quark. We set q 1 = u and q 2 = s in the currents given in Tab. 1. Therefore we use am q 2 = 0.0670 and am q 1 = 0.0135, 0.0243, 0.0489, 0.0670 on the coarse lattice. The scalar and bad diquark masses together with their difference are given in Tabs. 11, 12 as we vary the mass of q 1 on the two ensembles c005 and c02.
In the chiral limit of the up quark, we obtain aM 0 + = 0.5177(43) by doing a linear extrapolation in am q 1 on ensemble c005. In physical units, it is 906(22) MeV. For the scalar diquark and strange quark mass difference, one gets 0.5177(43) − 0.3351(45) = 0.1826(62) in lattice units or 320 (13) MeV, which is of the same size as 312 (23) MeV for the scalar diquark composed of two light quarks. On ensemble c02, this difference is 0.579(13) − 0.3443(37) = 0.235 (14) or 411(26) MeV. It is heavier than the result on c005, showing some sea quark mass dependence. This dependence (13) 0.072(17) 0.04700 0.457(10) 0.547 (15) 0.090 (18) mainly comes from the scalar diquark mass since the strange quark mass M s is not so sensitive to the light sea quark mass (see the end of Sec. 3.2).
On the fine lattice, we set am q 2 = 0.04700 and am q 1 = 0.00677, 0.01290, 0.02400, 0.04700. In Tab. 13, we give the diquark masses from ensemble f004. The scalar diquark and strange quark mass difference is 0.3862(93) − 0.2466(81) = 0.140 (12) or 326(29) MeV. It agrees with the result 320(13) MeV from c005, indicating small discretization effect in this difference. Averaging the results from c005 and f004 weighted by their inverse squared error, one gets M 0 + − M s = 321 (12) MeV for diquarks composed of a light and a strange quark.
Using the results 320 MeV and 411 MeV from c005 and c02 respectively, we can do a linear extrapolation to the light sea quark massless limit: a(m sea + m res ) = 0. What we get is 271(49) MeV. Taking the difference between 320 MeV and 271 MeV as a systematic error, we find M 0 + − M s = 321(12)(49) MeV. This number is smaller than the estimation ∼ 500 MeV in Ref. [16] .
For the bad diquark mass, we also do a linear extrapolation in the light valence quark mass and find 0.609(16) in the chiral limit (1.066(37) MeV in physical units) on c005. Using this number and the chiral limit value of the good diquark mass 0.5177(43), one gets the mass difference in the chiral limit as 0.091 (17) or 159(30) MeV. It agrees with the estimation of this diquark mass difference (152 MeV) in Ref. [16] obtained from baryon masses in the charm sector. Compared with the case for diquarks composed of two light quarks, this difference decreases as one of the light quark is changed to a strange quark.
On ensemble c02, the absolute values of the bad and good diquark masses seem heavier than their counterparts on ensemble c005, indicating some sea quark mass dependence. This is similar to the case for diquarks composed of two light quarks. The mass difference between the bad and good diquarks on ensemble c02 agrees with that on ensemble c005, showing that the sea quark mass dependence is smaller in the difference than in the absolute diquark masses.
On ensemble f004, the scalar and bad diquark masses in the chiral limit of m q 1 are 900(29) MeV and 1.055(40) MeV respectively. Both are in agreement with their counterparts from c005. Thus discretization effects are again shown to be small.
The scalar and bad diquark mass difference from all three ensembles are plotted in Fig. 9 as 
Summary
Using overlap valence quark on configurations with 2+1 flavors of domain wall sea quarks, we calculated the mass and mass difference of various diquarks in the Landau gauge. Also the diquark quark mass difference is computed. We extrapolate the results to the valence quark chiral limit and check the sea quark mass dependence using two ensembles with a same coarse lattice spacing. Discretization effects are examined by working on a fine lattice.
The scalar diquark has the lowest mass which means it is the channel with the strongest correlation. The mass difference between the axial vector and scalar diquark (composed of two light quarks) decreases as the valence quark mass increases. This was also observed in previous lattice calculations [6, 7, 8] .
We see sea quark mass dependence in the absolute values of diquark and quark masses. Their masses decrease as the sea quark mass decreases. This dependence is small (smaller than our statistical error) in diquark mass difference and diquark quark mass difference. For the diquark (18)(17) [16] ∼ 500 ∼150
composed of a strange and a light quark, the mass difference between the scalar diquark and the strange quark shows some sea quark mass dependence. From our data we do not expect this difference to increase as the light sea quark mass lowers to the physical value. Within our limited statistics on the fine lattice, we do not see apparent discretization effects in all our results. Our final results of the mass differences are given in Tab. 14. In the chiral limit of the valence quark mass, We find the diquark mass difference Here when there are two uncertainties, the first one is statistical and the second one is a systematic error estimated from different extrapolations to the chiral limit or from light sea quark mass dependence. In general, the results of these mass differences agree with the estimations from hadron spectroscopy in Ref. [16] . The exception is M 0 + − M s = 321(12)(49) MeV for the scalar diquark composed of a strange and an up quark, which is smaller than the estimation ∼ 500 MeV in Ref. [16] .
To better control the light sea quark mass dependence and finite lattice spacing effects in our work, calculations at another sea quark mass are needed, and more statistics on the fine lattice should be added. It might be interesting to calculate these differences in other gauges to check the gauge dependence.
